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Abstract
A k-bounded vertex coloring of a graph G is a usual vertex coloring in which each color is
applied to at most k vertices. The bounded chromatic number k(G) is the smallest number of
colors such that G admits a k-bounded coloring. In this paper, we study the problem of bounded
vertex coloring of trees. We characterize the trees on n vertices that can be k-bounded colored
with n=k colors. The analysis provides an e4cient algorithm for determining the k-bounded
chromatic number of a tree and an optimal coloring. This answers a question raised by Hansen,
Hertz and Kuplinsky (Discrete Math. 111 (1993), 305). c© 2001 Elsevier Science B.V. All rights
reserved.
In this article, we follow the usual terminology in graph theory such as used in Bondy
and Murty [2]. Let G be a graph with vertex set V (G) and edge set E(G). When the
meaning is clear, we sometimes identify a graph with its vertex set. For example, we
will use |G| for the number of vertices in G and by a partition of G we mean a partition
of the vertex set of G. A vertex coloring of G is a mapping c :V (G) → {1; 2; : : : ; m}
such that if uv ∈ E(G) then c(u) = c(v). One of the applications of vertex coloring
is to use it as a model for timetable scheduling (see, e.g., [3]). In this model, the
vertices represent the tasks to be scheduled and two vertices are adjacent if the tasks
they represent cannot overlap. One natural constraint is that not too many tasks should
be scheduled at any given time. A timetable scheduling problem with this additional
constraint can be modeled by a bounded vertex coloring problem. A k-bounded vertex
coloring of a graph G is a usual vertex coloring in which each color is applied to
at most k vertices. The bounded chromatic number k(G) is the smallest number of
colors such that G admits a k-bounded coloring.
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In [5], the authors showed that if k is treated as a Ixed constant, there is a polynomial
algorithm that produces a k-bounded vertex coloring of a bipartite graph G using k(G)
colors. They proposed the following conjecture.
Conjecture 1. Finding the bounded chromatic number k is NP-complete for bipartite
graphs when k is part of the input.
They also raised the following problem about trees:
Problem 2: Determining the complexity of 3nding the bounded chromatic number of
a tree for general k.
Bodlaender and Jansen [1] showed that even the problem of determining whether
a bipartite graph can be k-bounded colored with three colors is NP-complete when k
is part of the input. Therefore Conjecture 1 is true. In this paper, we will solve the
second problem. We will characterize the trees that cannot be colored with the smallest
possible number of colors. Our analysis will provide e4cient algorithms for Inding
the k-bounded chromatic number of a tree and an optimal coloring.
Let T be a tree on n¿2 vertices. Let V1 and V2 be its two coloring classes. Let
|V1|= c1k + r1 and |V2|= c2k + r2 where 06r1; r2¡k. It is easy to see that we can
k-bounded color the vertices in V1 with c1 +1 colors and the vertices in V2 with c2 +1
colors. Therefore, T can be k-bounded colored with c1 +c2 +26n=k+1 colors. This
shows that k(T )6n=k+ 1 for every tree T . As deIned in [5], we say that T is of
class 1 if k(G) = n=k and T is of class 2 if k(G) = n=k+ 1. Since T is of class
1 if either one of r1 or r2 is 0 or r1 + r2¿k, we will assume that 0¡r1; r2¡k and
r1 + r26k.
We Irst prove a technical lemma.
Lemma 3. Let T be a forest with two color classes V1 and V2. The number of vertices
in V1 that have degree greater than one is at most |V2| − 1.
Proof: We prove this lemma by induction on |V2|. Suppose that |V2|=1. Every vertex
in V1 has degree at most one. The statement is true. Now, suppose that |V2|=n and the
statement is true for smaller values of |V2|. If T has more than one components, then
by applying the inductive hypothesis to each one of the components, we see that the
statement is true. Assume that T is a tree. Let x be a vertex in V2. Let C1; C2; : : : ; Cm
be the components of T \{x} and denote V i1=Ci∩V1 and V i2=Ci∩V2. By the inductive
hypothesis, the number of vertices in V i1 that are not leaves is at most |V i2| − 1. Since
x is adjacent to one vertex in V i1 for each i, the number of vertices in V1 that are not
leaves is at most
(|V 12 | − 1) + (|V 22 | − 1) + · · ·+ (|Vm2 | − 1) + m
= |V 12 |+ |V 22 |+ · · ·+ |Vm2 |= |V2| − 1:
This proves the lemma.
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Lemma 4. Let T be a tree with two color classes V1 and V2 such that |V1|= c1k+ r1
and |V2|= c2k + r2 where 0¡r1; r2¡k and r1 + r26k: If |V1|¿k and |V2|¿k then
T is of class 1.
Proof: We construct a k-bounded coloring of T with n=k colors in this case:
1. Repeat until r1 vertices are colored in V1:
Take a vertex x ∈ V1 such that the degree of x is at most one. Color x with color
1. Delete both x and the neighbor of x from T .
2. Color any r2 remaining vertices of V2 with color 1.
3. k-bounded color the uncolored vertices in V1 with c1 colors and the uncolored
vertices in V2 with c2 colors.
Lemma 3 guarantees that there is always at least one vertex with degree at most one
in V1 while step 1 is being executed. After step 1, there are at least k− r1¿r2 vertices
remaining in V2 and none of them is adjacent to the vertices colored with color 1 in V1.
Therefore step 2 can always be carried out.
The remaining case is that at least one of |V1| or |V2| is less than k. We will assume
that |V2|= r2¡k.
It is simple when |V1|¡ 2k. Since we have already assumed that r1 + r26k, we
would have n=k62 in this case. If n=k = 1 then T is of class 2. Suppose that
n=k=2. In this case, we would have |V1|¿k otherwise |V1|+ |V2|= r1 + r26k and
n=k = 1. Since a tree can be colored with two colors in only one way and in this
case it is not a k-bounded coloring, k(T ) = 3 and T is of class 2.
Now we consider the case of |V1|¿ 2k. For a vertex v in T , we deIne N (v) to be
the set of vertices in T that are adjacent to v and l(v) to be the number of leaves (that
is, the vertices of degree one) in T that are adjacent to v.
Lemma 5. Let T be a tree with two color classes V1 and V2 such that |V1|= c1k+ r1
and |V2|= r2 where c1¿2; 06r1; r2¡k and r1 + r26k: T is of class 1 if there is a
vertex x in V2 such that l(x)¿r1 + 1 and deg(x)6|V1| − r1 − r2 + 1.
Proof: We will construct a k-bounded coloring of T as follows:
1. Color V2 \ {x} and at most k − r2 + 1 leaves that are adjacent to x with one color.
We call this color class C1.
2. Color x and at most k − 1 vertices in V1 \ N (x) with one color. We call this color
class C2.
3. k-bounded color the rest of V1 with as few as possible colors.
l(x)¿r1 + 1 implies that |C1|¿r1 + r2. deg(x)6|V1| − r1 − r2 + 1 implies that
|C2|¿r1 + r2. We show that
|C1|+ |C2|¿k + r1 + r2: (1)
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If not all l(x) leaves that are adjacent to x are used in C1; then |C1|=k and (1) is true.
Similarly if not all vertices in |V1| \N (x) are used in C2, then |C2|= k and (1) is true.
If all l(x) leaves that are adjacent to x are used in C1 and all vertices in V1 \N (x) are
used in C2, then
|C1|+ |C2|= l(x) + r2 − 1 + |V1| − deg(x) + 1
= r2 + |V1| − (deg(x)− l(x)):
deg(x)− l(x) is at most the number of vertices in V1 that are not leaves. By Lemma 3,
it is at most r2 − 1. Therefore,
|C1|+ |C2|¿ r2 + |V1| − (r2 − 1)
= |V1|+ 1¿2k + r1 + 1
¿k + r1 + r2 + 1:
We showed that in our k-bounded coloring, it is always true that |C1|+|C2|¿k+r1+r2:
It leaves at most (c1 − 1)k vertices in V1 to be colored. Since c1 + 1 colors are used
in this k-bounded coloring, T is of class 1.
Now, we assume that for every vertex x in V2, either l(x)6r1 or deg(x)¿|V1| −
r1 − r2 + 2:
Lemma 6. Let T be a tree with color classes V1; V2 such that |V1| = c1k + r1 and
|V2|= r2 where c1¿2; 0¡r1; r2¡k and r1 + r26k. Suppose that there is a vertex
x ∈ V2 such that deg(x)¿|V1|−r1−r2+2. T is of class 1 if and only if x is contained
in an independent set of r1 + r2 vertices.
Proof: (⇒) Suppose that x is not in any independent set that contains r1 + r2 vertices.
Consider an optimal k-bounded coloring of T . Let C1 be the color class that contains x.
|C1|6r1 + r2 − 1. There are at least c1k + 1 vertices in the other color classes. Since
this coloring uses at least c1 + 2 colors, T is not of class 1.
(⇐) Suppose that x is in an independent set that contains r1 + r2 vertices. Let this
independent set be C1; the Irst color class. Let |V2\C1|=s. Let y be a vertex in V2\C1:
We have
|N (x) ∩ N (y)|61;
otherwise there is a cycle of length four in T . There are at least deg(x)− s vertices in
N (x) that are not adjacent to any vertex in V2\C1. Since
deg(x)¿|V1| − r1 − r2 + 2;
deg(x)− s¿ |V1| − r1 − r2 + 2− s
¿ 2k + r1 − r1 − r2 + 2− s
= 2k − r2 + 2− s
¿ k − s;
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we can use k− s vertices in N (x) together with the vertices in V2 \C1 to form another
color class C2. C1 ∪ C2 contains k + r1 vertices in V1 and all the vertices in V2.
|C1 ∪ C2| = k + r1 + r2: The remaining (c1 − 1)k vertices in V1 can be colored with
c1 − 1 colors. This k-bounded coloring shows that T is of class 1.
Determining whether x is contained in an independent set of r1 + r2 vertices in T
is equivalent to determining whether the independence number of T \ ({x} ∪ N (x))
is at least r1 + r2 − 1. T \ ({x} ∪ N (x)) is a forest, and the maximum independence
number problem for forests can be solved in polynomial time (see, e.g., [4, p. 195]).
Therefore, it is easy to determine whether T is of class 1 in this case. The only case
remaining is that every vertex x in V2 has l(x)6r1. We deal with a special case Irst.
Lemma 7. Let T be a forest that can be partitioned into two color classes V1; V2
such that |V1|=2k+ r1 and |V2|= r2 where 0¡r1; r2¡k and r1 + r26k. If l(x)6r1
for every x in V2; then T is of class 1.
Here the statement is about forests instead of trees because when the result is used
in the inductive proof of the next lemma, the objects will be forests.
Proof: We show that T can be k-bounded colored with n=k = 3 colors. Let W1 be
the set of vertices in V1 that are not leaves and |W1|= t. By Lemma 3, t6r2 − 1. We
claim that
(∗): T \W1 can be partitioned into two independent sets I1 and I2 such that
m=min{|I1|; |I2|}¿k:
We prove (∗) by contradiction. Suppose that we have a partition of T \W1 that max-
imizes m and in this partition |I2|= m¡k: Since
|I1|+ |I2| = |V1|+ |V2| − t
= 2k + r1 + r2 − t
¿ 2k + r1 + 1;
we have
|I1|¿k + r1 + 1:
Claim 1. Every vertex in I1 must be adjacent to some vertex in I2. Otherwise, we
can move that vertex to I2 and yield a greater value of m.
Claim 2. No vertex in I2 can be adjacent to more than one vertex in I1.
Assume that there is a vertex y in I2 that is adjacent to at least two vertices in I1.
We denote the set of vertices that are adjacent to y by N (y): y must be in V2 since
there are only leaves in V1 ∩ (T \W1). Hence |N (y)|6r1. Consider another partition
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of T \W1: I ′1 = I1 \N (y)∪ {y} and I ′2 = I2 \ {y} ∪N (y). It is easy to see that both I ′1
and I ′2 are independent sets.
|I ′1| = |I1| − |N (y)|+ 1
¿k + r1 + 1− r1 + 1¿k;
|I ′2| = |I2| − 1 + |N (y)|¿|I2|+ 1:
Therefore min{|I ′1|; |I ′2|}¿m. This contradiction proves that Claim 2 is true.
Claims 1 and 2 imply that |I1|6|I2|, a contradiction. Therefore (∗) must be true.
In a partition of T \W1 satisfying the condition of (∗), it is easy to see that
|I1 ∩ V1|¿|I1| − k
and
|I2 ∩ V1|¿|I2| − k:
So we can take |I1|− k vertices from I1∩V1 and |I2|− k vertices from I2∩V1 together
with W1 to form a color class. The remaining k vertices I1 and k vertices in I2 can be
colored with two new colors. This is a k-bounded coloring of T with three colors.
Note that the steps in the proofs of Claims 1 and 2 can also be used to Ind the par-
tition I1; I2: Once this partition is found, it can be used to obtain an optimal k-bounded
coloring of T as described at the end of the proof of the lemma. Therefore in this
case, the calculation involved in Inding an optimal k-bounded coloring is O(n).
Lemma 8. Let T be a forest that can be partitioned into two color classes V1; V2
such that |V1|= c1k + r1 and |V2|= r2 where c1¿2; 06r1; r2¡k and r1 + r26k. If
l(x)6r1 for every x in V2; then T is of class 1.
Proof: We prove this lemma by induction on c1. The previous lemma shows that this
lemma is true for c1 = 2. Suppose that c1¿ 2 and the result is true for smaller values
of c1. Let S be a subset of V1 with k vertices. DeIne T ′=T \S and V ′1=V1\S; V ′2=V2.
By inductive hypothesis, T ′ can be k-bounded colored with |T ′|=k = c1 colors. By
coloring all the vertices in S with a new color, we have a k-bounded coloring for T
with c1 + 1 = |T |=k colors. Therefore T is of class 1.
Combining all these results together, we have a theorem that characterizes the type
of trees that are of class 2.
Theorem 9. Let T be a tree with at least two vertices that can be partitioned into
two independent sets V1; V2 such that |V1|¿|V2|. Let |V1|=c1k+r1 and |V2|=c2k+r2
such that 06r1; r2¡k. T is of class 2 if and only if one of the following is true:
1. c1 = c2 = 0 and r1 + r26k;
2. c1 = 1; c2 = 0 and r1 + r26k; r1¿ 0;
3. c1¿2; c2 = 0; r1¿ 0; r1 + r26k; and there is a vertex x in V2 such that deg(x)¿
|V1| − r1 − r2 + 2 and the independence number of T \ ({x} ∪ N (x)) is less than
r1 + r2 − 1:
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Proof: It is clear that if one of the three cases is true then T is of class 2. We show
that if T is of class 2 then one of the three cases must be true.
Let T be a tree of class 2. It is easy to see that if c161, then either case 1 or case
2 holds. We assume that c1¿2. By Lemma 5 and the observation preceding it, we
must have c2 = 0 and r1 + r26k. By Lemma 10, there is at least one vertex x ∈ V2
such that l(x)¿r1 + 1. By Lemma 7, we must have deg(x)¿|V1| − r1 − r2 + 2. Then
according to Lemma 8, T\({x} ∪N (x)) has independent number less than r1 + r2 − 1;
therefore case 3 holds.
Theorem 9 provides an e4cient algorithm to calculate the k-bounded chromatic
number of a tree T . The conditions in parts 1 and 2 of Theorem 9 is easy to check.
For part 3, it is easy to show that if c1¿2, and c2 = 0; at most one vertex in V2 can
have degree at least |V1|−r1−r2+2. So we only need to Ind the independence number
of at most one subgraph of T: All of these can be done in O(n3) time regardless the
value of k (where n is the number of vertices in T ). Therefore, Theorem 9 can be
used to determine the k-bounded chromatic number of a tree with n vertices in O(n3)
time even if k is part of the input. If T is of class 2, applying the greedy algorithm
to the two color classes of T will yield an optimal coloring; if T is of class 1, the
methods used in the proofs of Lemmas 4–8 can be used to obtain an optimal coloring
in polynomial time.
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